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Abltract-For plane strain finite deformation plasticity, several finite-element methods are examined and
their correspondina computational efticiency and accuracy are compared by means of an example of pure
bending. Then, employina one of the more efticient methods, the state of stress and deformation at the
center of a rectanaular bar, deformed in uniaxial extension, is studied. On the basis of this information,then
the II'Owth process of a (micro) void in a unit cell located at the center of the necked bar, is examined,
revealina that the intemal fracture at microscopic scales, seems to occur by the formation of sbear bands
inclined at about 4,S- with the axis of (macroscopic) extension, a fact which has been observed in ductile
fracture of two-phase alloys, FmalJy, void growth pariineters (i.e. those which cbarKterize the aeometry of
the void) are computed and the results are compared with those obtained from a solution given by
McClintock, arriving at a reasonably good agreement.

I. INTRODUCTION
It is commonly accepted that void growth at nonmetallic inclusions in two-phase alloys plays a
significant role in the process of ductile fracture, see [1] for a discussion and references. The
corresponding plastic flow in the vicinity of the voids involves very large strains of, and
exceeding 100%. Deformations of this kind are essentially incompressible, and therefore,
numerical methods needed for the analysis must account for this incompressibility[2-5].

In this paper we first present and compare several finite-element methods which have been
developed for the analysis of finite plastic deformations in plane strain. By means of an
example of pure bending we then estimate the corresponding computational efficiency and
accuracy of these methods. Then, employing one of the more efficient methods, we examine the
state of stress and deformation at the center of a rectangular bar (plane strain) deformed in
uniaxial extension. On the basis of this information, we then study the growth process of a void
in a unit cell, revealing that the internal fracture seems to occur by the formation of shear bands
inclined at about 450 with the axis of extension, between two adjacent voids, a fact which has
been observed experimentally in many situations, see, e.g.[6]. Finally, we compute the void
growth parameters (parameters which characterize the geometry of the void) and compare our
results with estimates which we obtain from a solution given by McClintock[7]. The present
paper, therefore, is complementary to our previous works reported in Ref. [5,8].

2. FORMULATION OF NUMERICAL METHODS

The considered methods are based on two variational principles which have been presented
in [5,8], and which are summarized below.

2.1 Variational principles
Consider the functional J. given by
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J\(V) = f. [~~ CabceDabDc• - TabDacDcb +~ Tabvc,avc,b - piava ] dv

-1. Tava ds,
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where repeated indices are summed, and where
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(1 - +--
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Here dv and ds are volume and surface elements in the current configuration, ia and to are the
prescribed rates of body force (per unit mass) and surface traction (per unit current area), Po
and p are mass densities in the initial and current confisurations, respectively, Tab are the
components of Cauchy's stress. and T~b is the correspondins deviator. In (2.2), E, v. and hare,
respectively, Youns's Modulus, Poisson's ratio, and the work-bardenins parameter; a = 1 for
plastic loadiq and a :; 0 for elastic loading or unloadins. The quantity !J-r.,,/£'Ot is the Jaumann
rate of the Kirchhoff stress, see Hill[9], Prager[10] and Nemat-Nasser[ll].

It is easy to show that the vanishinS of the variation of I" for arbitrary but kinematically
admissible variation in the velocity field, results in the equilibrium equations and traction
boundary conditions for the tate problem, see [8).

Next we consider the following functional, 12, in which independent fields subject to
variations are Va and 4:; piE, where p is the pressure-rate:

J -f. [P..{lc' D..n .l!... I:;'D. _9Ev(l-2v) '2}
2-. Po 2 abet a......ct+l+v.&J<f cc 2(1+ v) q

(2.3)

the corresponding constitutive relations are now written as

Sil'Tab C' n 3v I:;,.ll"'it" :; abctl-'ct +1+V .&J<f Dab,

C' E [.ll ~ 3 ( E) Tabnt ]abct=l+v oaevbt-ai l+v (2 E)
(12 -h +--

3 I +v

. 1 £'O'Tec
q =3E 9't .

(2.4)

We take the first variation of Jz with Va and 4as independent fields, and use (2.4) to obtain

Jz = 1. (~Sil;;b 8Dab - Tab8(DcaDcb) +~ Tab8(Vc,aVc,b)-ia8va ] dv

-i t a8va ds +1.~d::) {Dec - 3(1- 2v)4}84 dv. (2.5)

The first two intesrals on the right-hand side of (2.5) are identical to 8J.. and the last integral
gives the followins dilatational constitutive relation:

Dec = 3(1- 2v)4 in v. (2.6)

For a strictly incompressibile case (v = 0.5), functional Jz can still be used: we set v = 0.5 in
(2.6) and arrive at

Dec =0. (2.7)
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Functional h represents the rate-form, nonlinear version for elasto-plastic materials of a
functional proposed by Herrmann[12] for linear elasticity. Nagtegaal et al.[4] derived a
somewhat similar functional. The authors in [4] assumed a piecewise constant pressure-rate
field, and then eliminated the pressure-rate in order to arrive at a modified strain-displacement
relation. Their procedure requires that the material be compressible. Moreover, their method
becomes identical with the usual displacement method if a piecewise linear displacement field is
used. The numerical formulations based on the J2 variational principle, on the other hand,
remain valid for strictly incompressible materials.

2.2 Finite-element formulations
We shall use piecewise linear fields within each element. In our previous report[8], four

different methods have been presented and the corresponding results compared. In the present
work we shall give two additional methods which have certain advantages over the previous
methods. These methods are denoted by A and B. We also consider a modified version of the
method 4 given in [8], and denote it by method 4'. For the sake of completeness we shall first
list below the methods discussed in [8].

Method 1. This is based on the JI functional and triangular elements, and is the same as the
usual displacement method. It is effective for compressible materials.

Method 2. This is based on the J2 functional and uses a linear velocity field and a constant
pressure-rate field in each triangle. The final stiffness matrix obtained by this method is not
positive definite, so that the usual solution procedure (e.g. Cholesky decomposition) cannot be
applied. For compressible materials, Method 2 reduces to Method I, except it is relatively
inefficient and inaccurate.

Method 3. In this method the velocity field as well as the pressure-rate field are taken to be
linear over each triangular element. This results in a banded matrix formUlation which is
appealing, but the additional degrees of freedom renders the computational procedure more
expensive.

Method 4. In this method a quadrilateral element with crossed diagonals is used, see Fig. 1.
A linear velocity field is considered in each triangle, but a common constant pressure-rate field
is employed for all four triangles which constitute a given quadrilateral element. The method
applies to both compressible and strictly incompressible materials. It appears to be more
effective than the other three methods. It is convenient to use different solution schemes for the
compressible case and for the strictly incompressible case. The detailed procedure is presented
in [8]. We shall denote the procedure for the strictly incompressible case by Method 4'. In both
Methods 4 and 4', static condensation is used to eliminate the pressure-rate field in each
quadrilateral element.

We shall now consider two additional methods, designated by A and B, which are more
effective than those stated above.

Method A. This is based on the JI functional, and the quadrilateral element shown in Fig. 1.
From 8J. =0 we obtain, for a typical quadrilateral element,

(2.8)

where the subscript 1 refers to the outer vertices, and the subscript 2 to the inner vertex of the

~-------- .. )(

Fig. I. A special quadrilateral element.
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typical element shown in Fig. 1. We now perform a static condensation on (2.8), to obtain

where matrix K and vector R are given by

K = K II - K I2Kid Kh,
.. -I •

R =RI - K I2K 22 R2•

(2.9)

(2.10)

After (2.9) is assembled into a global matrix, we solve for VI corresponding to vertices of all the
quadrilateral elements. In order to compute the average strain-rate. fJ... over the four triangles
which form a typical quadrilateral element, we use the following relation:

(2.11)

where Bi
, i =1,2,3,4. are the matrix coefficients for the corresponding strain-rate. velocity

relations, pertaining to the constituent triangles. The average stress-rate, rlDf.,,/rlDt, is computed
with the aid of (2.2h, and the nodal forces are obtained from

(2.12)

where T is the Cauchy stress, and Ai denotes the area of the ith triangle in a typical
quadrilateral element. For the purpose of iteration, the nodal forces corresponding to the inner
point of a quadrilateral element, are condensed with the aid of (2.10h.

Method B. We apply the functional J2 to a typical quadrilateral element, denoted by {3,
assuming that the pressure-rate, till' is constant, and that the velocity field, V, is linear in each
triangle. With the aid of (2.5) and noting that &lll is arbitrary, we obtain

..
411 =L D~AM{3(1 - 2,,)AIl} ({3 not summed),

i-I
(2.13)

where the superscript i refers to the ith triangle in the 13th element, Ai is the initial area of this
triangle. and All is the initial area of the 13th element.

We now apply J2 to the entire body, enter the value of the pressure-rate for each element
from (2.13), and from 812 =0 obtain

KVIl=R (2.14)

for the Pth element; here the five dimensional vector V/J denotes collectively the nodal
velocities of the pth element, and K and Rare given by

K =±{( [J!, BITC'iBi +MiTuiMi - 2MiTu iMi] dAi
,-I JAI Po..

+I E,,(NN iA,l)2/{(1 +,,)(1- 2,,)A/J},
,-I

R=±{( .pfNiTf dAll
i+1 NiTti dLi;

i-I J",_, 4J1

in these expressions the matrices NN i and N i are such that

(2.15)

(2.16)

(2.17)

Miand Aii are functions of the coordinates of the nodal points in the current configuration for
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the ith triangle in the ~th element, and

U i =[T
o

i 0.] Ti =[T!, T!2]
T' , Tb Th'

(2.18)

(2.19)[K-; Kuq ]{~/J} ={R}.
Kuq Kqq q/J 0

On the other hand, if we do not eliminate the pressure-rate, q/J. we obtain, for the ~th

element,

where

(2.20)

(2.2»

with Rdefined by (2.16). If the material is not strictly incompressible, we can eliminate q/J in
(2.19) to obtain

[K•• +KuqKq~K~lo/J =R. (2.22)

It can easily be verified that

(2.23)

and, therefore, we arrive at (2.14) which involves fewer degrees of freedom than included in
(2.19), the total number of the degrees of freedom being equal to those in the corresponding
displacement-based finite-element Method A.

We now examine when (2.14) would indeed be identical with the corresponding system of
equations obtained from the displacement-based variational principle. To this end, we replace
C~bc* in h by C.* - EJI8u8cJ{(1 + v)(l- 2v)} and obtain

(2.24)

Thus J2 would be identical with J1 if D~ =D~c =D~c =!ree, i.e. when the dilatational strain
rate is uniform over all four triangles which form the ~th element. However, since the velocity
field is linear over each triangle, the corresponding strain-rate is constant, in general having a
different value in each triangle.

All the foregoing methods are implemented incrementally using the Newton-Raphson
iteration method; the Newton-Raphson iteration is performed during each increment until
convergence is obtained, and for the first two iterations the stiffness matrix is updated in order
to take into account the rapid change in the slope of the load-deflection curve. This rapid
change occurs when an element experiences elasto-plastic transition. On the other hand, when
the load-deftection curve becomes "flat" in almost every element, the appropriate acceleration
scheme is used to speed up the convergence.

3. NUMERICAL RESULTS

Before presenting numerical results for the problem of the void growth at the center of a
necked bar, we consider the simple example of pure bending of a beam, in order to compare the
accuracy and the corresponding computational efficiency of the various considered methods.

3.1 Pure bending of an elastic-plastic beam
We assume that plane sections perpendicular to the beam's axis remain plane during the

deformation, and consider a slice of unit thickness subjected to the prescribed displacement,
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(a) (b) (C)

Fig. 2. Finite-element systems for pure bending.

N-'

u*, as shown in Fig. 2. For Methods 4 and 4' we have used the finite-element mesh shown in
Fig. 2(a), for Method 1, the finite-element 2b, and for Methods A and a, the finite-element 2c
are, respectively, used, where in 2c, the central node is condensed. We increased the curvature
incrementally, using equal increments of 10-5

, until the moment-curvature curve attains a
constant slope. The material properties of the beam are, E =3 X 107 Kg/em, {1'y =
3.5 X 104 Kg/cm2, h (work hardening parameter) =5.0 x I~ Kg/cm2

, and II =0.3. For this choice
of the material properties the pseudo-analytical solution for the constant slope is given by

M K=-wIK = 0.0003741,
{1'y •

(3.1)

where M is the bending moment, H is the thickness of the beam, K is the curvature
corresponding to M, and K. is the curvature for which the outer fiber of the beam becomes
plastic for the first time. The numerical solutions for the constant slope, normalized by the
corresponding pseudo-analytical solution, are given in Table I, together with the computational
time normalized with respect to the time required to implement Method A. This table also
shows the type of finite-element used. The dashed line for the type of elements used for
Methods A and a indicates that the central node has been condensed. It is seen that Methods 4
and 4' give the vest accuracy for both compressible and incompressible materials, for Methods
A, a, I and 4, II = 0.49 is used to simulate the incompressible case (it is therefore "almost"
incompressible). On the other hand, Methods A and a yield fairly accurate results with least
computational time.

Table I. Numerical results for the limit slope in pure bending normalized by the analytical solution (~ =OJ
and ~ = 0.5); together with the corresponding computational time for various methods normalized by

Method A

'I1Ie D...ent _thods noe revloul •• thods

llethod A Ilethod B Ilethod 1 Method 4 Method 4'

d1splac.ent Mixed d1.place..nt Mixed Mixed
(conden.ed) " • conat. q • conat. q. conat.

oj and d1.pl. (oj condensed) (strictly
conden••d 1ncOllpre..1ble)

Pol••on l
• typee of 0 ~ 0 ~ ~ rx1 0ratio v al...nt

,-

0.3 Ua1t1nl 1.012 1.010 1.03~ 0.999
.lope 1n

O.~ pure
(0.49 for bend1nl 1.014 1.013 0.999 0.998
I"thod. A,
., 1 end 4)

0.3 eOllputation 1.0 1.063 0.997 1.260
ti..

O.S norwallzed
(0.49 for by llethod A

1.0 1.063 1.262 1.437
Method. A,
B,land 4)
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In the sequel we shall consider first, the necking of a smooth bar in extension and calculate
the corresponding field quantities by means of Method 1. We then use these results to study the
process of void growth at the center of such a bar I using Method A.

3.2 Necking of an elasto-plastic bar in plane strain
The necking of a rectangular bar with an initial imperfection at its central portion, is

analyzed numerically by Method 1. The bar consists of an elasto-plastic work-hardening
material, obeying a power-hardening law given by

0' if 0' ~ 0',E
e=

O'ft

if 0' ;;r: 0'" (3.2)Eu ft - i,
where 0' and E are the effective true stress and strain, respectively, and 0', is the yield stress.
The material properties of the bar are the same as those used in Subsection 3.1 except for the
work-hardening parameter h which is not constant here, but depends on 0' and n (= 8). The
finite-element mesh and the geometry of the bar are shown in Fag. 3. The problem of necking in
a bar, using finer mesh systems and for a bilinear el~sto-plastic material, has been solved
numerically by Osias[13] and McMeeking and Rice[l4]. Here we compute the distribution of
stresses, strains, and a triaxiality parameter along the center line (the xraxis in Fig. 3), as well
as the profile of the necked bar. A total displacement of u· =6cm is applied incrementally at
one end of a quarter of the tensile specimen. Three stages of the necked profile with the
corresponding boundaries between the elastic (unloaded) and plastic regions are shown in Fig.
4, where the dotted line denotes the initial profile of the bar. The Cauchy stress components
along the line parallel to the central section (the xraxis) at the center of the quadrilateral
elements are shown in Fig. S. Note that, since the average value of stress calculated at the
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raa. 3. One quarter of a bar with initial imperfection subjected to prescribed displacement "., plane strain.
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raa. 4. The necked profile of a bar (solid curves) and propagation of the unloading area (bounded by
dash-dot curves).
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Fig. 5. Distribution of the Cauchy stresses along the center line.

center of each quadrilateral element is assigned to each element, TI2 has a finite value in the
vicinity of xJb = 1; note, however, that the horizontal scales for the three stress components in
Fig. Sare not the same. The black and open marks in Fig. Scorrespond to the before and after
of the onset of unloading, respectively; the same notation is used in Fig. 6. The distribution of
the nominal strains, Ell and En, and the equivalent plastic strain Ep along the center line is
shown in Figs. 6(a)-(c), from which a rather flat gradient for the strains is observed.
Bridgman's[IS] assumption of a constant Ep along the center line is approximately verified for
small values of the elongation, 1/10, as is seen in Fig. 6(a). Recent studies, e.g.t [6 and 7], have
shown that the traxiality parameter {3, i.e. the ratio of the mean stress to the flow stress, plays
an important role in the mechanism of void growth in ductile fracture. Therefore we have
plotted {3 and IEnl/EII at the center of the bar as functions of l/lo in Fig. 7. It is observed that the
triaxiality parameter {3 is constant before the onset of unloading (indicated by a vertical line U
in Fig. 7), and increases at a constant rate after unloading sets in. On other hand the quantity
IEnl/El1> decreases continuously as l/lo increases. In the sequel we shall use these results in
order to investigate the mechanism of microscopic void growth at the center of a tensile
specimen.

3.3 Void growth at the center of a necked bar
We shall now study the process of the growth of a void at the center of the necked bar

(plane strain). For the calculation we use Method A, and subject a void (lOlL, radius) in a unit
cell (1oolL) at its boundary to the history of the deformation defined by the values of Ell and En
at the center of the tensile bar, given in Fig. 7. One quarter of the unit cell is shown in Fig. 8,
together with the corresponding finite-element mesh. The matrix material has the same
properties as those of the tensile bar in the preceding section.

tFor additional references, see [16].
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The cell is subjected to uniformly distributed prescribed displacements, u* and v*, cor
responding to the local strains, Ell and En. at the center of the necked bar. In Fig. 9 we have
reported the resultant force in the x,-direction, T.. acting on the unit ceO, and the average mean
stress, T., on the xrboundary, as functions of Ell. In rIgS. 10 and 11 respectively, we have
shown contour lines of constant effective plastic strain, E" and maximum shear stress (nor
malized by dividing by 0'7) at the stage of deformation which corresponds to the macroscopic
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1--------50".---------1

Fig. 8. Finite-element mesh and geometry of a unit cell.
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rl&. 9. The resultant force fdu,bo•and the average mean stress. T",/u" as functions of axial nominal strain
£11·._._._._._-_._.,
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rig. 10. Contours of constant effective plastic strain. Eto. for macroscopic: strain of '11 =0.4.

strain of Ell =0.4. The dash-dot lines in these figures mark the initial geometry of the unit cell.
From these figures it is seen that a region of intense plastic flow forms at a 4S0 angle with the
xI-axis. If the material contains, in addition to large microscopic particles, small precipitates
Oess than 0.1p.) distributed throughout the matrix, then one would expect that small voids
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Fig. 11. Contours of maximum shear stress (divided by 0',) for macroscopic strain of Ell = 0.4.
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Fig. 12. Void growth parameters Rand M vs Ell'

would nucleate at these particles in the region between the 50% strain contours shown in Fig.
10. Thus it is reasonable to conclude that adjacent larger microvoids in this case may be
connected by "void sheets" at a certain stage of straining, marking the incipience of ductile
fracture.

It should be noted, however, that the existence of voids, and the fact that intense shear
deformations occur between adjacent voids, render the macroscopic response of the bar
plastically compressible. Our calculations in Section 3.2 do not include plastic compressibility.
A satisfactory constitutive relation for finite plasticity with compressibility and encompassing a
nonassociative ftow-rule, recently has been developed by Nemat-Nasser and Shokooh[l7], but
the application of the theory to the problem of the necking of a bar has not yet been made.

Finally, we have reported in Fig. 12 the void growth parameters defined by

(3.3)

as functions of £'10 where r, and r2 are the radii of the void in the XI-and xrdirections,
respectively. In this figure the solid curves are obtained from McClintock's[7] analytical
solutions (see Appendix A), and the corresponding geometrical marks are our numerical results.
It is seen that reasonably good agreement exists between these results. The relevant details for
the application of McClintock's solutions (which is based on analytical work of Berg[18]) to our
problem, are summarized in Appendix A.
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APPENDIX A

Based on Berg's analytical solution[20] for the growth of an elliptical hole in Eviscous material, MacClintock[7) obtained
for an elasto-plastic material, the following expressions for the void growth parameters (i.e. for the mean radius R and the
eccentricity M):

I (.!)= EV3 . h{V30-n)0'1I+0'22}+EII+E22
n Ro 2(1_n)sln 2 0' 2'

M 0'11- 0'22 + (II 0'11 - 0'22) {V3E. h (V30- n) 0'11 + 0'22)}= />10---- exp ---Sin ---x---
0'11+0'22 0'11+0'22 (I-n) 2 0"

where n is the work-hardening parameter in

(AI)

(A2)

(A3)

Ro and Mo are the initial mean radius and eccentricity, and 0'11 and 0'22. and EII and E22 are the principal stresses and
strains, respectively.

In the case of the necked tension bar the ratio between stresses is a function of E. Therefore we modify (AI) and (A2)
into the differential form,

dR = V3 dE Sinh{V3 (1_ n) 0'11 + 0'22}
R 20-n) 2 0'

dM V3 {M 0'11- 0'22} . h{V30- n) 0'11 + 0'22} d x { V3E . h (V30- n) 0'11 + 0'22)}
=-(l-n) - 0'11+0'" SIR --2----0'- E up -(l_n)sln --2----0'- .

(A4)

(AS)

In deriving (A4) and (AS), we assume that n and the ratio of stresses remain constant. In order to use the differential forms
(A4) and (AS), we divide E into 8 increments, and durina each increment use the constant stress-ratio and n which are
already obtained from the necked tension bar. We follow McClintock in computina a work·hardenina parameter n, which is

n = u(at E) I
O'lverqe(UP to E) •

(A6)


